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Syllabus

* Continuous-time signals: Fourier series and Fourier transform representations,
sampling theorem and applications; Discrete-time signals: discrete-time Fourier
transform (DTFT), DFT, FFT, Z-transform, interpolation of discrete-time signals;

LTI systems: definition and properties, causality, stability, impulse response,
convolution, poles and zeros, parallel and cascade structure, frequency response,
group delay, phase delay, digital filter design techniques.



Outline of the Session

* Introduction to Signals

* Classification of Signals
* Classification of Systems
* Signal operations

* GATE previous questions



Analysis of weightage given In GATE Papers (Signals & Systems)
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2020 10
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Introduction to Signals

A Signal is a function of one or more independent variables that conveys
information to represent a physical phenomenon.

* For a function f, in the expression f(t{,t,,::,t,), each of the {t;} is called an
independent variable, while the function value itself is referred to as a dependent
variable.

* Some examples of signals include:

« A voltage or current in an electronic circuit

« the position, velocity, or acceleration of an object
+ a force or torque in a mechanical system

+ a flow rate of a liquid or gas in a chemical process
« a digital image, digital video, or digital audio
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Classification of Signals

 Number of independent variables (i.e., dimensionality):
* Asignal with one independent variable is said to be one dimensional (e.g., audio).

* A signal with more than one independent variable is said to be multi-dimensional (e.g,,
image).

e Continuous or discrete independent variables:
e A signal with continuous independent variables is said to be continuous time (CT)
(e.g., voltage waveform).
e A signal with discrete independent variables is said to be discrete time (DT) (e.g., stock
market index).
* Continuous or discrete dependent variable:

* A signal with a continuous dependent variable is said to be continuous valued (e.g.,
voltage waveform).
e A signal with a discrete dependent variable is said to be discrete valued (e.g., digital
image).
* A continuous-valued CT signal is said to be analog (e.g., voltage waveform).

Y A discrete-valued DT signal is said to be digital (e.g., digital audio).
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Graphical Representation of Signals

o v o ¢

I

Continuous-Time (CT) Signal
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Discrete-Time (DT) Signal




A system is an entity that processes one or more input signals in order to
produce one or more output signals.

X0 - - V0
X1 ~ ~ Y1
X2 - System ~ y2

XM ~ - YN

{z} {z}

Input Signals Output Signals
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Classification of Systems

* Number of Inputs
* A system with one input is said to be single input (SI)
* A system with more than one input is said to be multiple input (MI)

* Number of Outputs
* A system with one output is said to be single output (SO)
* A system with more than one input is said to be multiple output (MO)

* Types of signals processed:
* A system can be classified in terms of the type of signals that it processes.
* Consequently, terms such as the following (which describe signals) can also be used to describe
systems:

* One-dimensional and multi-dimensional
* Continuous-time (CT) and discrete-time (DT)
e Analog and digital

* For example, a continuous-time (CT) system processes CT signals and a discrete-time(DT)
system processes DT signals

L]
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x(t)

Signal Processing Systems
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Continnons-to-
Discreta-Time
(CD) Convertar

pln)

Discreta-to-
Continnous-Times
{IvC) Converter

p(t)

Diserste-Time
Systam

qn)
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q(t)
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Continueus-Tims
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Processing a Continuous-Time Signal With a Discrete-Time System

Continuous-to-
Discrata-Time
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Processing a Discrete-Time Signal With a Continuous-Time System

yit)



Communication Systems

Estimate of
MMessage Transmutted Feceived MMessage
Signal Signal Signal signal

g

Channel

Becerver

General Structure of a Communication System
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Different operations on Signal

- Time shifting

- Amplitude shifting

- Amplitude Scaling

- Time scaling

- Time reversal

- Amplitude reversal



Time Shifting(Translation)

« Time shifting is, the shifting of a signal in time.

« This is done by adding or subtracting the amount of the shift to
the time variable in the function.

« Whent 20,

. Subtracting a fixed amount from the time variable will shift the signal to the
right (delay) that amount

i. — while adding to the time variable will shift the signal to the left (advance).
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Time Shifting

Time Shift

For a continuous-time signal x(t), and a time t; > 0,

e Replacing t with t — t; gives a delayed signal x(t — t1)

@ Replacing t with t + t; gives an advanced signal x(t + t1)
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Time Shifting(Translation)

e Time Shifting:

x(t) - y(t) = x(t + k)
?
[l
\ 7
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Left shift and Right Shift

e (Case (i):whenk >0 e C(Case (ii): whenk <0

x(t) . y(t) = x(t + 2) x(t) . y(t) = x(t — 2)

\ /[
i l 2t
._._.-’:’:l” VAW Y 4
I t.—z. o‘ =i

[t is the case of right shifting

[t is the case of left shifting
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Amplitude Shifting

» Amplitude shifting maps the input signal x to the output signal y as given by
y(t) = x(t) + b, where b is a real number.

» Geometrically, amplitude shifting adds a vertical displacement to x
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Amplitude Shifting

 Case(i):whenk <0
x(t) ——y(t) = =1+ x(¢t)

x(t) » y(t) =x(t) +k
—-1+40 t<o0
o« y(t)=<{-141 0<t<?2
1\ —1+0 t>2
Vi -1 t<o0
\ =0 0<t<2
g \ 5 -1 t>2
0 2. 4 -
S -1 At
q\
\
0 t<o0 \ & -+ M
x@}'t 0<t<2 S bl |

Its case of downward shifting
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* Case (ii): whenk >0
x(t) ——y(t) =1+x(t)
(140  t<0

y)=31+1 0<t<?2
1+0  t>2

(1 t<0
=2 0<t<?2
1 t>2

Its case of upward shifting




Amplitude Scaling

@ The scaled signal ax(t) is x(t) multiplied by the constant a

A

]2 2
/w_ﬁ 2x(1)
2 > 0 1 5T 2 -1 o 1 ipr

+ x|[n] * 2x[n]

'?'
P S B T SR R R
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Time Scaling

Time scaling maps the input signal x to the output signal y as given by by
y(t) = x(at), where a is a nonzero real number.

Such a transformation is associated with a dilation (i.e., compression/expansion
along the time axis) and/or time reversal.

If |a| > 1, the signal is compressed along the time axis by a factor of |a|.

If |a| < 1, the signal is expanded (i.e., stretched) along the time axis by a factor of |£|
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Time Scaling

» If |a|=1, the signal is neither expanded nor compressed.
 If a <0, the signal is also reversed.
 Dilation (i.e., expansion/compression) and time reversal commute.

« Time reversal is a special case of time scaling with a = —1; and time compression/
expansion is a special case of time scaling witha > 0
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Time Scaling

x(1) x(2r)
1 = It
=5 =1 0 : 1 : T = . T 0 ' i : s f

If |a| > 1, the signal is compressed along the time axis by a factor of |a|

x(r/2) x(—t)

=3 —1 ‘ 0 k I I - T - | —1 ' 0 ' 1 ' 3t
If |a| < 1, the signal is expanded (i.e., stretched) along the time axis by a factor of | oo |
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Time Scaling

Consider an example y(t) = x(10t) X(t)
For t=0, y(0) = x(0), t=1, y(1) = x(10), t=2,
y(2) = x(20) ... ¢
...t=5, y(5) = x(50) .
so, by the time y(t) goes to 5, x(t) takes
values at t=50
Y(t)
>
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Time Scaling

x(t) > y(t) = x(at)
o
~ 1 =35
(&) 2
* Case (i):whena > 1 e Case (ii):whena <1
x(t) » y(t) = x(2t) x(t) » y(t) = x(0.5t)
\
& L -
o 1 = l-'--
Time compression Time Expansion
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Time Scaling

Note: General rule

4t
X(t) > t x( )
{\
\ A
e —> 0 ‘-—) t
It \KQ- ti—
%’ ) e > =0 =0.<
If x(0) ~ (x(-30)
—3<-3t<6
\ -3 6
— 2>t =2—
-3 -3
1>t>-2 s
ol . =L = (- e
7 /i it -2 \ | t
mf‘\,k,:,,A,l,,,ELIA ¥ o
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Time Reversal

* If a < 0, the signal is also reversed.

* Dilation (i.e., expansion/compression) and time reversal
commute.

* Time reversal is a special case of time scaling with a = —1;
and time compression/ expansion is a special case of time
scaling witha > 0
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Time Reversal

* Time reversal is a special case of time scaling in which signal folding will take place
around y axis

v

x(—t)
A

x(t)

\é — T -2 =
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Amplitude Reversal

 In this case, signal folding will take place about x-axis.

b = % ()
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For x(t) indicated in Figure P1.6, sketch the following:

(a) x(—1)
(b) =(t + 2)
(c) (2t + 2)
(d) x(1 — 3¢t)

x(r)

N \I—r

0 3

Figure P1.6

Acknowledgement: OCW MIT Resource: Signals and Systems Professor Alan V. Oppenheim
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x(r) (a) This is just a time reversal.

Figure S1.6-1

Note: Amplitude remains the same. Also, reversal occurs about ¢ = 0.

x(r) (b) This is a shift in time. At ¢t = —2, the vertical portion occurs.
1 x{r +2)
1
t
0 3 —2 1 ‘
Figure S1.6-2
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Solution1

(e) A scaling by a factor of 2 occurs as well as a time shift.

x(1)
o s e S x(2t + 1)
I y 1
Lo iel g BCEES
oz s =
t 1 E
Figure S51.6-3
Note: a = 1 induces a compression.
(d) All three effects are combined in this linear scaling.
x(1)
o &) e x(1—31)
! 1
ozt~ =3
L ! {2 3¢ > -z -
0 3 " N A
‘}g’ S S "}_ 3 3
Figure S1.6-4

32 Ack : [ [
| cknowledgeret : Lecture slides of Michael D. Adams Acknowledgement: OCW MIT Resource: Signals and Systems Professor Alan V. Oppenheim




Classification of Signals- Even Signals

A continuous function x is said to be even if it satisfies
o x(t) =x(—t) forallt.

A discrete function x is said to be even if it satisfies
« x(n) =x(—n) forall n.

* Geometrically, the graph of an even signal is symmetric about the origin.

* A few examples of even signals are shown below.

x(r)

33 | Acknowledgemet : Lecture slides of Michael D. Adams

x(n)

A

hy

3 2 1I 1 I 2 3 I
—21




Classification of Signals- Even Signals

* Even signals: These are symmetrical (or) mirror image about y-axis.

ie. x(t) =x(-t)

Eg: A A (1

(iv) x(t) = coswyt

e ot
_ \__ l L—\ x(—t) = coswo(—t)= coswot=x(t)
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Classification of Signals- Odd Signals

A function x is said to be odd if it satisfies
x(t) = —x(—t) forall t.

A function x is said to be odd if it satisfies
e x(n) = —x(—n) forall n.

Geometrically, the graph of an odd signal is antisymmetric about the origin.

* An odd signal x must be such that x(0) = 0.

* Afew examples of odd signals are shown below.

x(r)
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Classification of Signals- Odd Signals

* 0dd signals: These are symmetrical (or) mirror image about y-axis.

ie. x(—t)=—x(t)orx(t) = —x(—t)

v o ltj
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Classification of Signals- Odd Signals

(i) x(t) = Sinwyt
t > —t

x(—t) = Sinwy(—t) = —Sinwyt = —x(t)

* Hence itis odd signal

* Note: The average value of an odd signal is 0, but converse of this statement is
not true.
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Even and Odd Parts of a Signal

* Any signal can be written as a combination of an even and an odd signals

* Even and Odd components

1 1
f(®) = 5 F@®O+f))+ 5 (f (&) = f(—-1))
fe(t) = %(f(t) + f(—t)) even component
fo(t) = %(f(t) — f(—t)) odd component

f(&) = fe(®) + f,(0)
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Even and Odd Parts of a Signal

* Any signal can be divided into two parts

X(t) = Xeven(t) + Xoda (t)

X()+X(-t)
2

X even (t) =

X(£)-X(~t)
2

Xodd (t) =
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Important properties of Even and Odd functions

 Even function X odd function = odd function

 (0dd function X odd function = even function
 Even function X even function = even function

e Area

| C;fe(t)dt =2 jo (0t
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\:

3.

Important Properties of Even and Odd Functions
T moposiant  Potrste ;

Even x Even = Even
AR 2 F T = +¢

Even x odd = o dd
odd xodd = even
odd + odd = eveo
{3 xtS = {9
(S B e s o
Even + Even = EVeD
EVen — Even = EVEn

47 X okt — even

& odd + odd = odd

x> = Siot +t°

wH = xH)

Y= Sk -5
| x-© =- * )

" Kseg enen N

\ +4odd = Ne

el o dd
LU= Yot

Y (=%) =" £ —gint
<o + x|




Example Problems- Even and Odd Signals

1< cven (O’Y) 0‘514 —C"ra'l"‘iq.' .

Clreck Ohethey the Given signal

\ wty = 2 C besogmt) e
+ —>-t = e . o
*_L"‘t) - 2 _ -—
DC <8 7s awn Even Sigeal

2 -
£r— —°
) St SR B =V < <oy
> ) =

= |
e | is ao Even SvGnat

DC Sir=X



Example Problems- Even and Odd Signals

e ) = - S“:’L_t +t3.sin3-t
evenm ,t"t'
—&Y 4 Cost

Xadd ) =
s Sint t
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For each of the following signals, determine whether it is even, odd, or neither.

(a)

x(r)

(c)

(b)
x(z)
1
o
Figure P2.4-2
(d)
x[n]

T

L

Figure P2.4-4

Acknowledgement: OCW MIT Resource: Signals and Systems Professor Alan V. Oppenheim




By definition a signal is even if and only if x(t) = x(—t) or x[rn] = x[—n], while a

signal is odd if and only if () = —x(—t) or x[n] = —x[—n].

(a) Since x(t) is symmetric about ¢ = 0, x(t) is even.

(b) It is readily seen that x(t) # x(—1t) for all ¢, and x(f) #+ —x(—1t) for all ¢; thus
x(t) is neither even nor odd.

(¢) Since x(t) = —x(—t), x(t) is odd in this case.

(d) Here x[n] seems like an odd signal at first glance. However, note that x[n]| =
—x[—n] evaluated at » = 0 implies that x[0] = —x[0] or x[0] = 0. The analo-
gous result applies to continuous-time signals. The signal is therefore neither

even nor odd.
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Example Problems- Even and Odd Signals

@ Example
4o 2
xt) /T, X(~1)
1 0 | ¢ 1 0 7

%elt) = S1e0) +x(~1)]  xo(r) = 5 [x(r) —x(~1)]
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Periodic Signals

@ A function x is said to be periodic with period 7T (or 7-periodic) if, for
some strictly-positive real constant 77, the following condition holds:

x(t) =x(t+T) forallr.

@ A T-periodic function x is said to have frequency + and angular

T
. L, -
frequency = .

@ A sequence x is said to be periodic with period N (or NV-periodic) if, for
some sitrictly-positive integer constant vV, the following condition holds:

x(n) =x(n+N) forall n.

@ An N-periodic sequence x is said to have requency # and angular

- - 2
frequency 5r.

@ A function/sequence that is not periodic is said to be aperiodic.
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Example of Periodic Signals

@ Some examples of periodic signals are shown below.

ALY
NMNFANMN

—4 —3 -2z —1 L1 k x 3 4 5 B 7




Periodic and Non-Periodic Signals

Periodic Signal : A signal 1s said to be periodic if i1t repeats a
definite pattern of variation after a constant length of time
called the time period T,

i.ex(t) =xlti nT0]

where n is an integer

TO = Fundamental Time Period

T, #* 0
)
Fundamental Time Period (FTP): It is the smallest positive and fixed
value of the time for which signal is periodic
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Find the Fundamental Time period of the Signal




Calculation of Fundamental Time period of the Signals

R> Hrd ETP af Cgea) 2V
TN =
WA = Aotdwa

<o\ Let To beba F TP of Kesignd
e xit) = xlt+T,)
N (e I
A £+T,) = AoC—J L o))
Jp (£ T,
Aaé%t = Aoe- i
i s A)/J Bl
12K
N5 Ny — 2T
Loy SRR (mare Y=
To =4 W 1O vane 7, .SH)JL¢89
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Calculation of Fundamental Time period of the Signals
&> Eind =T1P of ,-Fo'll.ou){\\‘z Sty ol

(@) =, ) = Ao StﬁLZ-—f't)

s = D=XE

2 K _.-:]
SN o ==
To == Loy 2K
S o
2K
e DB e, Ee]
To e 5> %
> S = e
= — Ap Sinlxt)
Wy = 2K
=24 B 2K

2 |



Calculation of Fundamental Time period of the Signals

W Xy(H= K (5) Relt)= Ayd X (1)
- AS'f\D—RL’t)
o = A A AoSin2nd
= _ApLinaxd
wg = X LJQ: =
1, i Rl To = 2& = =
(PATY = Wo 2



Calculation of Fundamental Time period of the Signals
(&) Ko () = X(L'&*-'ta)
e A SN (u(t-—’ca))

-

Wp = p 1, &

2-K
"T-G*:m__--:--"—:-l

Ly 2K
Note. > Time ?CJY\‘OC‘ o,f,hﬁignap e Uhq.H{dtcl l:a'
Time sld;fh*j_,'r{me RVWSJJ Am?mualc wxap/

A-mPL:‘)"“A‘L &”U»F—fl"*d' amd C}mxzq, {n fkgjc O.,P.&{*ﬁ-,,aﬂ




Calculation of Fundamental Time period of the Signals




Sum of Periodic Functions

@ Sum of periodic functions. Let x; and x» be periodic functions with
fundamental periods T; and 7>, respectively. Then, the sum y=x; + x> 18
a periodic function if and only if the ratio 7| /T is a rational number (i.e.,
the quotient of two integers). Suppose that T} /7> = g/r where ¢ and r are
integers and coprime (i.e., have no common factors), then the
fundamental period of v is »T; (or equivalently, g7>, since rT} = gT3).
(Note that T, is simply the least common multiple of 7} and 75.)

@ Although the above theorem only directly addresses the case of the sum
of two functions, the case of N functions (where N > 2) can be handled by
applying the theorem repeatedly N — 1 times.
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Calculation of FTP of sum of two or more signals

EEE’.r -IT\LSLAM Og, 2 0f mMmo¥e u—\q'q"l- ?QII‘\‘OC.J'(- St“g‘nwﬂd
will be P@NOCL’C- tF valios Q{f These  Fundamnessia)
e Qe,n.-:acl (o) ‘fﬂwmdes ave Tbjiund.

e RRY= @B M(f)

N’
¢"“?1'wl .:[M’ga-lw'z._
T Wy o ‘F—i muskt be wakiondd
L9 ot LN — —
T b PN

7| = e HC"FC"FJ'FI—-)




Example problems on Fundamental Time Period

®R £ ETp of cigmad f T Ec pesvobic T—
ciH x 4) = <inat +Cacrt
Solis W, =2 , & = 2N
WY 2 Teevakenad)
G SR
Wermce 4 S mﬂ__fPe'r'&x:ﬂ-c_
<o\ T ba‘ _— 2K
Lo, = (|2
Loy s N e (_I-r-fa.{\«s.))
b= Jz ®
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Example problems on FTP

Wiy kW) =ginyrt +<in TRE

M.L,':- TN

Lo ER s —L_r,'- CWNBD

—

Wy iy

th3s pemodic - Then edudads T

Henree

59|




Example problems on FTP

: metipd’
e 1

e 2% F-"J-
iz W """(_ﬁ 3
\
w - HC'F( w\)w'):) S 2K '__2_:
° , il Seralky N T AL
= HefF(uR,m LCML "E]:w W
T LCM(_T\:TL> IRk 2 -J
We = N - Lem( 1 %)
a-:K- L— e ‘12 -— __9:_-....:"-
e =72 ,LLN\L:_\_,IL
Wy HeF[ 1]
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Signal Energy and Power

@ The energy E contained in the signal x is given by

E:fm x(r)dt.

@ A signal with finite energy is said to be an energy signal.

@ The average power P contained in the signal x is given by

1 rT2 5
P= lim — x(1)|" dt.
T—+=T J_T/2

@ A signal with (nonzero) finite average power is said to be a power signal.
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Energy and Power of signals

To =
P = k% bt ‘; I’Z, l{")r‘ydt > ~F=I ?eq{gd_.‘c_ 3;3’
e e e
= Te |l - '
"T'L:.:gﬂ j [-:LL-t)]';at‘ 1A -Fr—{ ~ o re_frod_.c <ig .
) —Tolo

-En&f% _Q‘L\aup_o' be -Fl"’l"v: l&
PO 2 Y .{'j\,..l,‘ Le Ze€x5 O

‘E:hedw .s:iﬁnsd; A Q—bSbLud’eJm’ Er‘ﬂ"?—afq_fble

r’ei Tlnt-al Sk

Fovy «anm enesyy .:-"3—:14}/
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Find the Energy and Power of the given signal x(t) = e%t u(t)

a) Given that, x(t) = e u(t)
Here, x(t) = e® u(t) ; forallt
sxlf)=a® ; fortz0

ipu( at -I{]o*‘"ﬂ’m = l[a*}’m-ie*m- [':]:

T
1 i
En.m'E-TE-I!I{tl’m-TH-[I_T]
T
1 e™ 1 0 1
YA A TR R .
T
1 11 i
Pmr,PITE'FINmzﬁ-TE-EE-T

111 e 1
=t‘.;[:i T]'“”[i‘“]"“

Since energy is constant and power is zero, the given signal is an energy signal.
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Find the Energy of a given S|gnal

Sol > 3 —( I%L{')\y""t_ = Sq.yal{: = 32

(&%)
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Find the Energy of a given signal
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Find the energy of a given signal
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Find the Energy of a given signal

Q, RSEEY) Si“a'nal ad Eho{a'a E .
Fod He eresyy c:;? He g{w > (24)

T s
) >
_S..?—L 5 3 E= A"re:-\q_r Lr D)
‘ BN = Lerl=Yy
—>
% 55 t
L -
i AT £ = Aveccd k(28]

-
\ %_E'_ = L\—)LD*S"‘"Q-
_ “)'t 2-
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Important points to remember Related to Energy of a give Signal
If a signal x(t) has Energy E, then for the signal x(2t) the Energy reduces by a factor of 2

nofe Jlly e

=

ok T e =
E

’/9 _i:

o) = "E
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Important Note to remember Related to Energy of a give Signal
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Finding the Power of a given Signal
Eowed Ei‘z-nf!

D For Wac siqed powes shodd be firate and Eneryy should
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b= - j‘x{,t)rzﬂ' b fFex Pem‘od.'-"c ngm.!

ol To '_y )
Ll‘ .J— : r YO~ PQ}I‘“OA"C -ci?T)oJ-
e o Jilroes il
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Find the Power of a given Pulse Signal

ALY a’naj &
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Find the power of a given triangular waveform

e . A
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Find the power of a sinusoidal signal

P = _f_\’o_ S k‘_’ coc< zoaa‘l;‘) JdE

—To =
o> T“,’Z/
=5 S < R cosz eIt At

=2 To




Previous GATE Questions and Answers

GATE 2013
Q.3 For a periodic signal v(t)= 30sin100¢+ 10cos300¢+ 6sin(500f+ 7/4), the
fundamental frequency in rad/s
(A) 100 (B) 300
(C) 500 (D) 1500
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Previous GATE Questions and Answers

Option (A) is correct.
Given, the signal

W t) = 30sin 100¢+ 10 cos 300¢+ 6sin(500¢+ §)
S50 we have
wy = 100rad/s, w» = 300 rad/s and «x = 500 rad/s

Therefore, the respective time periods are

T_E‘.lr_E':r 2w _ 2m
V™ wa 100 we 300

S0, the fundamental time period of the signal is

LCM(2x, 2x, 2m)
LCM. (% 2 Ts) = HErvion, s00,500)

_ 2w
or, Ts = {gp

Hence, the fundamental frequency in rad/sec is wy= TI_T = 100 rad/s

2w
500

SeC, 1z = sec and T; = ser
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GATE 2005

Q. 69 The power in the signal s(t) = 8cos (207£- 3) +4sin (1571 is
(A) 40
(B) 41
(C) 42
(D) 82
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Sol. 69 Option (A) is correct.
s(H =Ecn5{%— E{]wt}+4sin151rt

= 8sin 20 ¢+ 4sin 157t
Here A, = 8B and 4; = 4. Thus power is
AL A BT W
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