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CHAPTER.1.

Kinematics of Rigid Bodies



Introduction

• Kinematics of rigid bodies:  Kinematics is the branch of dynamics which 

describes the motion of bodies without reference to the forces which either 

cause the motion or are generated as a result of the motion. Kinematics is 

often described as the “geometry of motion.” Some engineering 

applications of kinematics include the design of cams, gears, linkages, and 

other machine elements  to control or produce certain desired motions, and 

the calculation of

• flight trajectories for aircraft, rockets, and spacecraft.

• Classification of rigid body 

motions:

- general motion

- motion about a fixed 

point

- general plane motion

- rotation about a fixed axis

• curvilinear translation
• rectilinear translation

- translation:



Translation

• Consider rigid body in translation:

- direction of any straight line inside 

the body is constant,

- all particles forming the body move 

in parallel lines.

• For any two particles in the body,
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• Differentiating with respect to time,
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All particles have the same velocity.
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• Differentiating with respect to time 

again,

All particles have the same 

acceleration.



Rotation About a Fixed Axis.  Velocity

• Consider rotation of rigid body about 

a fixed axis AA’

• Velocity vector  of the particle P is 

tangent to the path with magnitude
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• The same result is obtained from
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Acceleration

• Differentiating to determine the 

acceleration,
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• Acceleration of P is combination 

of two vectors,



Representative Slab

• Consider the motion of a 

representative slab in a plane 

perpendicular to the axis of 

rotation.
• Velocity of any point P of the slab,
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• Acceleration of any point P of the 

slab,
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• Resolving the acceleration into 

tangential and normal 

components,
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Equations Defining the Rotation of a Rigid Body 

About a Fixed Axis

• Motion of a rigid body rotating around a 

fixed axis is often specified by the type of 

angular acceleration.
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• Uniform Rotation,  = 0:
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• Uniformly Accelerated Rotation,  = 
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General Plane Motion

• General plane motion is neither a 

translation nor a rotation.

• General plane motion can be 

considered as the sum of a 

translation and rotation.

• Displacement of particles A and B
to A2 and B2 can be divided into 

two parts:  

- translation to A2 and

- rotation of       about A2 to B2

1B

1B
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Absolute and Relative Velocity in Plane Motion

• Any plane motion can be replaced by a 

translation of an arbitrary reference point A and 

a simultaneous rotation about A.
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Absolute and Relative Velocity in Plane Motion

• Assuming that the velocity vA of end A is known, wish to determine 

the velocity vB of end B and the angular velocity  in terms of vA, l, 

and .

• The direction of vB and vB/A are known.  Complete the velocity 

diagram.
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• Selecting point B as the reference point and solving for the 

velocity vA of end A and the angular velocity  leads to an 

equivalent velocity triangle.

• vA/B has the same magnitude but opposite sense of vB/A.  The 

sense of the relative velocity is dependent on the choice of 

reference point.

• Angular velocity  of the rod in its rotation about B is the same 

as its rotation about A.  Angular velocity is not dependent on 

the choice of reference point.



Analysis of Plane Motion in Terms of a Parameter

• In some cases, it is advantageous to 

determine the absolute velocity and 

acceleration of a mechanism directly.
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Planar Robot

With a convenient choice of a reference point on the end effector, 
we can describe the position of the end effector using the 
coordinates of the reference point ( x ,  y ) and the orientation 
using the angle φ. 
The three end effector coordinates ( x ,  y , φ) completely specify 
the position and orientation of the end effector 



Example



Direct and Inverse Kinematics of Robot

Forward (Direct)Kinematics:  

to determine where the robot’s hand is?

(If all joint variables are known)

Inverse Kinematics: 

to calculate what each joint variable is?

(If we desire that the hand be 

located at a particular point)



ROBOTS AS MECHANISM

Fig. 2.1 A one-degree-
of-freedom closed-loop 

four-bar mechanism

Linkage mechanism:
Multiple type robot have multiple DOF.

(3 Dimensional, open loop, chain mechanisms)

Fig. 2.2 (a) Closed-loop 
versus (b) open-loop 

mechanism 
MATRIX REPRESENTATION
1-Representation of a Point in Space

Fig. 2.3 Representation of a 
point in space 

A point P in space :
3 coordinates relative to a reference frame

^^^
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2- Representation of a Vector in Space

Fig. 2.4 Representation of 
a vector
in space 

A Vector P in space :
3 coordinates of its tail and of 

its head

^^^__

kcjbiaP zyx ++=



















=

w

z

y

x

P
__

3- Representation of a Frame at the Origin of a Fixed-Reference
Frame

Fig. 2.5 Representation of a frame at the origin 
of the reference frame 

Each Unit Vector is mutually 
perpendicular. :

normal, orientation, 
approach vector

















=

zzz

yyy

xxx

aon

aon

aon

F



4- Representation of a Frame in a Fixed Reference Frame 

Fig. 2.6 Representation of a 
frame in a frame 

Each Unit Vector is mutually perpendicular. :
normal, orientation, approach vector
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5- Representation of a Rigid Body

Fig. 2.8 Representation of an 
object in space 

An object can be represented in space by attaching a 
frame

to it and representing the frame in space. 
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Arm Control to Reach:

Mechanism design   using:
Forward kinematics
Inverse kinematics
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Cams

► Function generator

► Can generate a true dwell

• Cam Terminology

• Type of follower motion (rotation, translation)

• Type of joint closure (force, form)

• Type of follower (roller, mushroom, flat)

• Direction of follower motion (radial, axial)

• Type of motion constraints (critical extreme 

position(CEP) and critical path motion (CPM))

• Type of motion program (rise-fall (RF), rise-fall-dwell 

(RFD), rise-dwell-fall-dwell (RDFD)
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Type of Follower Motion

Oscillating follower

Translating follower
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Type of Joint Closure

Force and form closed cams

• Force closed cams require an external force to keep the 

cam in contact with the follower

• A spring usually provides this force



Type of Joint Closure

► Form closed cams are closed 

by joint geometry

► Slot milled out of the cam
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► Roller Follower

► Mushroom Follower

► Flat-Faced Follower

Types of Followers

Flat-Faced 

FollowerMushroom 

Follower

Roller Follower
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For kinematic analysis:

the follower displacement versus time curve is preferred. 

To assist in the task of designing a cam shape, the 

follower displacement versus cam angle curve is desired. 

Relating the cam rotation and time is a straightforward 

process using the theory presented the the following 

equation :

Cam rotation during an interval of follower motion is 

typically expressed by the symbol β. Likewise, the time 

consumed during an interval is designated T. The amount 

of follower rise,or fall, during an interval is designated H. 

Rewriting the equation

using cam nomenclature, gives the relationship between 

cam rotation and time for an arbitrary interval, i:

can also be used to determine the required speed of the 

cam, by observing the time consumed during one cycle.
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EQUIVALENT LINKAGES
Up to this point in the text, the examples of motion 
analysis involved only mechanisms with primary joints; 
that is, pin and sliding joints. Recall from Chapter 1 that 
a higher-order joint,such as a cam or gear joint,involves 
rolling and sliding
motion. Both cams and gears are the focus in later 
chapters.
However, the motion analysis of mechanisms with higher 
order joints can be performed using the concepts already 
presented.
Velocity and acceleration analysis of mechanisms that 
utilize higher-order joints(e.g cams and gears ) is greatly 
simplified by constructing an equivalent linkage. This 
method converts the instantaneous configuration of a 
mechanism to an equivalent linkage, where the links are 
connected by primary joints the fig. below  illustrates two 
cam mechanisms



Parametric Equations

43

x = sin(t)

y = 2 cos(t) + t

t = 0 .. 4
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► Our Problem to:

► Design a disc cam (for use with a flat 
follower) such that:
▪ follower height is L1 when cam angle is 0°

▪ follower height is L2 when cam angle is 

▪ the relationship between the height, L, and the 
cam angle, , is linear

We need to get the function of the cam profile 
and then draw a curve in SolidWorks that 
exactly models this profile. 45



Determine cam profile equation
► Would like to have y = f(x).

► We want a linear relationship
between L and .

L = A  + B

Determine A and B.

► When  = 0, L = L1 ; when  = , L = L2

L1 = A (0) + B

L2 = A () + B



=

−
=

1

2 1

B L

L L
A
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Cam profile equation

2 1
1

B

L L
L = L






+

− 
+ 

 

L =A

• Now we’ll get the x 
and y coord
of point A (an 
arbitrary point) 

xA = L cos

yA = L sin
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• Instead we have y and x as a 
function of .  

This is called a parametric 
representation of x and y.

A
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• Example:

L1 = 2” (when  = 0)

L2 = 3” corresponding to 
 = (120°)

 
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 


  
+  

  

  
+  

  

3
x = 2 cos

2

3
y = 2 sin

2

 


 


  
+  

  

  
+  

  

3
x = 2 cos

2

3
y = 2 sin

2

L1 = 2”

L2 = 3”

α = 

120

2

3
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Gears
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The diametral pitch, Pd : or simply pitch, actually refers

to the tooth size and has become a standard for tooth 
size specifications. Formally, the diametral pitch is the 
number of teeth per inch of pitch diameter.

The module, m: The module is a relative measure of 
tooth size.It is defined as the ratio of pitch diameter to 
the number of teeth in a gear.

The base circle of a gear is the circle from which the curved shape 

of the gear tooth is constructed. 

The base diameter, d b , is the diameter of the circle from which 

the gear tooth profile is derived. 

The face width, F, is the length of the gear tooth parallel with the 
shaft axis.
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The pressure angle, φ, is the angle between a line tangent 

to both pitch circles of mating gears and a line perpendicular to 
the surfaces of the teeth at the contact point. The line
tangent to the pitch circles is termed the pitch line. The line 
perpendicular to the surfaces of the teeth at the contact point is 

termed the pressure line or line of contact.
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SPUR GEAR KINEMATICS
A basic function of gears is to provide a constant velocity ratio 
between their respective shafts.
A pair of gears that has a constant velocity ratio means that the 
driven gear maintains a uniform speed as long as the driver gear 
rotates at a constant speed.
This condition led to the development of the involute tooth 
profile. A pair of mating spur gears is shown in Figure 
Formally, the velocity ratio,VR, is defined as the angular speed of 
the driver gear (gear 1) divided by the angular speed of the 
driven gear (gear 2).

The pitch line velocity, v t , is 
defined as the magnitude of the 
velocity of the pitch point of the 
two mating gears. 
This velocity is also illustrated in 
Figure 
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RELATIONSHIPS OF GEARS IN MESH
.As two gears mesh, the smaller gear is commonly termed the 
pinion and the larger is referred to as the bull gear or simply the 
gear.
Recall that in order for two gears to mate,they must have the same 
diametral pitch and pressure angle

Center Distance
The center distance, C, is defined as the center-to-center distance 
between two mating gears. This is also the distance between the 
shafts that are carrying the gears. For the
common configuration of external gears the distance can be 
written as
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Undercutting
Interference can also be avoided by removing the material on the 
gear tooth between the base circle and dedendum circle. 
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Belts and Chains 
INTRODUCTION

The primary function of a belt or chain drive is identical to that of 
a gear drive. However, the use of gears becomes impractical when 
the distance between the shafts is large. Both belt and chain 
drives offer the flexibility of efficient operation at large and small 
center distances.
Many belt shapes are commercially available and are listed here.

1. A flat belt is shown in Figure. This belt is the simplest type but 
is typically limited to low-torque applications because the driving 
force is restricted to pure friction between the belt and the pulley.
2. A V-belt is shown in Figure. This is the most widely used type of 
belt, particularly in automotive and industrial machines. The V 
shape causes the belt to wedge tightly into the pulley, increasing 
friction and allowing higher operating torque.
3. A multi-V-belt is shown in Figure. This belt design is identical to 
several V-belts placed side by side but is integrally connected. It is 
used to increase the amount of power transferred.

4. A cog belt is shown in Figure 11.1d. This belt design is
similar to a V-belt but has grooves formed on the inner
surface. This feature increases belt flexibility, allowing
the belt to turn smaller radii. Thus, it can be used on
smaller pulleys, reducing the size of the drive.
5. A timing belt is shown in Figure 11.1e. This belt design
has gear-like teeth that engage with mating teeth on the
pulleys. This arrangement combines the flexibility of a
belt with the positive grip of a gear drive. This belt is
widely used in applications where relative positioning
of the respective shafts is desired



63

Pulleys, more appropriately referred to as sheaves, are the wheels 

that are connected to the shafts and carry the belt

BELT DRIVE GEOMETRY
.

As stated, the pitch diameter, d, of the sheave is measured to the point 

in the groove where the center of the belt sits. This is slightly smaller than 
the outside diameter of the sheave. Note that the diameters shown for the 
sheaves in Figures are the pitch diameters.

The center distance,C, is the distance between the center of the 

driver and driven sheaves. Of course, this is also the distance between the 
two shafts coupled by the belt drive
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Normal center distances for V-belts should be in the following range:

The belt length, L, is the total length of the belt.Specifically,the 
outside length is usually specified
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CHAINS
As with belts, chain drives are used to transmit rotational motion and 

torque from one shaft to another,smoothly,quietly,and

inexpensively.Chain drives provide the flexibility of a belt drive with 

the positive engagement feature of a gear drive.Therefore,chain

drives are well suited for applications with large distances between 

the respective shafts, slow speed, and high torque.

Types of Chains

Chains are made from a series of interconnected links.Many types 

of chain designs are commercially available and are listed here.

1. A roller chain is shown in Figure. This is the most common type 

of chain used for power transmission.

2. 2. A multiple-strand roller chain is shown in Figure



67

Sprockets
Sprockets are the toothed wheels that connect to the shaft and mate 
with the chain
CHAIN DRIVE GEOMETRY
As stated, the pitch diameter, d, of the sprocket is measured to the 
point on the teeth where the center of the chain rides

The pitch diameter of a sprocket with N teeth for a chain with a 
pitch of p is determined by

The center distance,C, is the distance between the center 
of the driver and driven sprockets
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The chain length, L, expressed in number of links, or pitches, can 
be computed as

CHAIN DRIVE KINEMATICS
Once again, the velocity ratio, VR, is defined as the angular speed of 
the driver sprocket (sprocket 1) divided by the angular speed of the 
driven sprocket (sprocket 2). 


